Resonance characteristics of tidal waves in a network are investigated with the linearized, one-dimensional shallow water equations. The network comprises a semienclosed main channel with an adjacent secondary channel at an arbitrary position. Water motion is forced by a prescribed incoming wave at the entrance of the main channel. The model is used to compute the ratio of sea surface height amplitude in the presence and absence of the secondary channel. Relevance lies in the possible construction of secondary channels to reduce tidal range in the main channel. When
Introduction
Tidal embayments and estuaries are often subject to human interventions. Knowledge of the influence of such interventions on tidal hydrodynamics is important for safety regulations and ecology in these areas. Therefore, theoretical model studies have been performed to assess the response of tidal characteristics in an embayment to, amongst others, changes in its length (Prandle & Rahman 1980; 
Model and methods
A model is considered that solves the hydrodynamics in a channel network. The network consists of a main channel with length l * b , and a secondary channel located at a distance x * sc from the open boundary. The main channel is split into two parts: channel 1 is located seaward of the secondary channel and channel 2 landward. The secondary channel is called channel 3. The width, depth and friction of the channels in the network are constant throughout each channel, but can vary among them (see figure 1) .
The one-dimensional, linearized shallow water equations describe the water motion in the network. These are the along-channel momentum balance and the continuity equations, Here, the symbol * indicates a dimensional quantity, j is the channel index, u * j (x * j ) the velocity (coordinate) along the main axis of each channel, η * j the sea surface elevation, t * the time, g * the acceleration due to gravity, λ * j the dimensional linear friction coefficient, and h * j the depth. Finally, w * j is the width of channel j, which will appear when applying mass continuity at the vertex point. Six boundary conditions have to be prescribed for (2.1) and (2.2), two for each branch of the network. The general approach to obtain the condition at the open boundary x * = 0 is to derive the Green's function for the outer domain x * < 0 (cf. Garrett 1975) . Here, a simpler condition is imposed, which is done for analytical tractability. This condition consists of a sea surface amplitude forcing by an incoming tidal wave with angular frequency σ * = 2π/T * , where T * is the tidal period (typically, T * is 12 h 25 min for the M 2 tide). It is assumed that the incoming wave remains unchanged under changing conditions in the network, and changes of the incoming wave, e.g. due to (partial) reflection of the outgoing wave outside the domain, are assumed negligible. The present approach differs from prescribing a fixed amplitude at the open boundary, which is observed in co-oscillating basins, in that the latter model keeps the sum of the incoming and reflected wave fixed. The landward boundaries of the main channel and of the secondary channel are closed. Finally, matching conditions connect the channels at the vertex point. These are continuity of sea surface elevation (twice) and conservation of mass.
Equations (2.1) and (2.2) are made dimensionless, by introducing
is a typical velocity scale (following from continuity) and N * is the amplitude of the incoming wave. Applying these scales to the dimensional equations results in 5) where µ = 2πl * b /l * t is, apart from a factor 2π, the ratio of the length of the main channel and the tidal wavelength (l *
Equations (2.4) and (2.5) can be combined into wave equations for the free surface in each channel. Their solutions are of the form (η j (x, t), u j (x, t)) = (η j (x),û j (x))e −it + c.c., where the hatˆindicates a complex amplitude and c.c. denotes a complex conjugate. The resulting equation for the complex sea surface amplitudesη j is
which has solutions of the form η j = A j,1 e iκ j x j + A j,2 e −iκ j x j , j = 1, 2, 3, (2.7)
with κ j = (µ/h j ) h j + iλ j the complex wavenumber. The first term on the right-hand side denotes the spatial part of a wave propagating in the +x-direction (incoming), whereas the second term denotes the spatial part of a wave propagating in the −xdirection (outgoing). The boundary conditions for (2.7) are mathematically given as
10)
12)
13) wherel = l sc * /l b * is the dimensionless length of the secondary channel.
Results

Model solutions
For the remainder of the analysis, it will be assumed that the width and depth of the main channel are the same in channels 1 and 2. This results in equal wavenumbers in both areas, thereby simplifying the analysis. The solutions of system (2.6)-(2.13) arê
where
Now, the complex amplitude ratio, CAR ≡ A r e iδ , of the wave is computed as the ratio of the wave amplitude in the presence and absence of the secondary channel. The latter situation, identical to a single channel, is computed by using (3.1)-(3.4) with l = 0. Note that this implies separate solutions of the complex amplitude ratio for stretches 1 and 2 of the main channel, indicated as CAR (1) and CAR (2) . The results are
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is independent of x 2 , which will be explained in § 4. Equations (3.4), (3.5) and (3.6) reveal that tidal amplification is controlled by three parameters, i.e. x sc , κ 1 , and
Parameter S f , which appears in parameter α, will be called the secondary channel factor and contains all the information on the dimensions of the secondary channel.
3.2. Default system As a default system, a network is defined having all parameter values equal to 1, with the exception of µ, which is equal to π, and µl, which is 0.1. These parameters represent estuaries of intermediate dimensions, such as Chesapeake Bay on the east coast of the United States. Zhong, Li & Foreman (2008) showed that tides in the Chesapeake Bay are partially standing, and that friction is weak to moderate. Moreover this choice ensures that the full dynamics of the mechanism is captured.
Figures 2(a) and 2(b) show the amplitude and phase of the sea surface height, |η | and φ η respectively, in the main channel for the default case without a secondary channel. Both panels show the partial standing character of the tidal wave. Figures 2(c) and 2(d) show the amplitude ratio and phase shift for the default system, A r and δ respectively, in the main channel. Parameter δ represents the phase shift between the tides in the presence and absence of the secondary channel.
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Figure 2(c) shows the amplitude ratio as a function of x and x sc . The solid black line is the unit contour, separating areas in (x, x sc )-parameter space where A r > 1 from those where A r < 1. Note that a minimum in the amplitude ratio is observed around x sc = 0.92. The amplitude ratio A (2) r < 1, indicating a decrease in sea surface height amplitude throughout channel 2 for all locations of the secondary channel. However, in channel 1 values of A (1) r larger than 1 are observed, hence locally the tide can be amplified. Finally, near x = 0 it is found that A r = 1, meaning that the secondary channel influences the tidal characteristics at the open boundary. This occurs mainly when the secondary channel is positioned close to the open boundary. The effect becomes smaller when the distance between the open boundary and the secondary channel increases and friction causes dampening of the perturbation of the intervention.
Figure 2(d) shows the phase shift, δ, caused by the secondary channel as a function of x and x sc , where solid white lines are the zero contours. This figure shows that the presence of the secondary channel influences the time of high and low water. This signal is approximately 90
• out of phase with the amplitude ratio.
Sensitivity analysis
As a next step, the sensitivity of A (2) r to S f , κ 1 , and x sc will be investigated. This is done because from a management perspective often the tidal range at the head of the estuary is of importance (Donner et al. 2012) . Changing S f is equivalent to changing the secondary channel characteristics: width w 3 , lengthl, depth h 3 , and friction coefficient λ 3 . Variation in κ 1 is achieved by changing the length (µ) of the main channel and the friction parameter (λ 1,2,3 ) in the entire network. Finally, changing x sc shifts the position of the secondary channel.
The sensitivity of the amplitude ratio to S f is shown in figure 3 (a) for a secondary channel located halfway along the main channel. The real part of S f is along the horizontal axis and the imaginary part of S f is along the vertical axis. Colours represent different values of A when following the circles, indicating that for largel the amplitude ratio is a constant. This occurs because the reflected wave is damped in the secondary channel. Indeed, from (3.7) it can be seen that forl approaching infinity, the secondary channel factor goes to a constant value of iw 3 /κ 3 , which is shown by the white dashed line in figure 3(a) . Increasing the width results in smaller amplitude ratios.
Second, the crosses indicate the functional behaviour of S f with varying h 3 , starting with zero depth at the origin. Again, symbols denote increments of 0.3 in the direction of the arrow. As h 3 becomes large κ 3 approaches zero. Then from (3.7) it is seen that tan(κ 3l ) ∼ κ 3l , resulting in a constant real secondary channel factor of w 3l .
Finally, the plusses in figure 3(a) show S f as a function of λ 3 . For a frictionless system, λ 3 = 0, the secondary channel factor is a real number since Im(κ 3 ) = 0. For large λ 3 , friction is so strong that it prevents wave propagation into the secondary channel, thereby resulting in no modification of the original wave.
Next, A results are presented in figure 3(c,d,e) . The solid line represents the results for the default main channel length, while the dashed (dashed-dotted) line represents those for the case that the length of the main channel is decreased (increased) by a factor of five. Figure 3(d) shows results for the default value of the friction coefficient, while figure 3(c) (figure 3e) shows those for decreased (increased) friction by a factor five in the entire network.
Increasing friction mainly results in a decreasing value and spatial dependence of the amplitude ratio. A striking feature is observed for the default channel length with low friction (red solid line). Here, reduction of the amplitude is observed for secondary channel locations from 0.5 x sc 1, while amplification is observed for locations ranging from 0 x sc 0.5. Increasing friction results in a decrease of the amplitude ratio, finally leading to the vanishing of positions for which amplification is found.
Discussion
Physical mechanism
First, the mechanism will be discussed that causes the differences in amplitude and phase of the tidal wave in the main channel due to the presence of the secondary channel. The situation sketch in figure 4(a) shows the incoming waves (solid arrows) 728 R3-7 and outgoing waves (dashed arrows) in all channels. The forcing at the open boundary generates a primary wave (blue arrow) that propagates into the channel. At the vertex point it triggers a partially standing wave (purple arrows) in the secondary channel. The latter leads to two secondary (radiated) waves in the main channel, one incoming and one outgoing (cyan solid and black dashed arrows, respectively). The incoming primary wave (which, by definition, is unaffected by the secondary channel) and the incoming radiated wave reflect at the landward boundary. The resulting outgoing waves additionally affect the partially standing wave in the secondary channel. The complex amplitude ratio in channel 2, CAR
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, is determined for every x by the ratio of the complex amplitude A 2,1 of the incoming wave at the vertex point in the presence, and in the absence, of the secondary channel. Furthermore, it is a constant because the incoming waves in channel 2 experience identical friction regardless of the presence of a secondary channel. According to (2.7), (2.8) and (3.1), the amplitude of the incoming primary wave at the vertex point can be written as exp(iκ 1 x sc ). Thus, the complex amplitude ratio is
By combining (2.10), (2.11) and (2.13), the amplitude of the incoming radiated wave at the vertex point can be written in terms of the amplitude of the outgoing wave at the vertex point from the side channel as
which for a short secondary channel (µl 1) simplifies to
Furthermore, the combination of (2.9)-(2.12) yields, for the amplitude of the outgoing wave in the secondary channel at the vertex point,
Again assuming µl 1 and using (4.3), this can be approximated as
(1 + e 2iκ 1 (1−x sc ) )e iκ 1 x sc .
(4.5)
Tidal resonance in branching channels By substituting (4.3) and (4.5) into (4.1), the solution for the complex amplitude ratio becomes CAR (2) ≈ 1 + iw 3 κ 1l cos(κ 1 (1 − x sc ))e iκ 1 (1−x sc ) . (4.6) Next, the low friction limit (Im(κ j ) = 0) is considered, as it yields considerable insight into the modifying mechanism of the tide due to the secondary channel. The amplitude ratio in this limit is
Now, tidal range decreases (A
r < 1) when sin(2κ 1 (1 − x sc )) > 0, while tidal range increases when sin(2κ 1 (1−x sc )) < 0. Thus, positions of the secondary channel resulting in smaller tidal ranges are those for which the secondary channel is located less than a quarter wavelength away from the closed end of the main channel, i.e. 0 κ 1 (1 − x sc ) π/2, modulo π. Amplification occurs for π/2 κ 1 (1 − x sc ) π, modulo π. The minimum (maximum) amplitude ratio is observed at 1/8 times the wavelength of the tidal wave seaward from the open end (nodal point), since the radiated wave is strongest when both sea surface height amplitude and velocities are large.
The amplification is caused by the fact that, if the secondary channel is located more than a quarter wavelength from the closed end (figure 4b), it discharges its water into the main channel during flood tides. This is because the maximum velocity amplitude is attained at the nodal point of the primary wave. Consequently, velocities are smaller in front of the secondary channel than behind it when the secondary channel is located seaward from the nodal point. When the secondary channel is located landward from the nodal point the reverse processes occur, causing the secondary channel to discharge water in the main channel during ebb, leading to reduction of the tidal range in channel 2 (figure 4c).
Relevance and limitations
This study has yielded fundamental insight into the mechanisms dominating the response of channel networks to changes in network geometry, which has important implications for engineering works, where man-made secondary channels are being considered as a measure to reduce tidal range in estuaries, e.g. in the Ems estuary situated at the Dutch-German border.
It was shown that for short secondary channels the amplitude of the modulating tidal wave was small (O(µl)) compared to that of the forced incoming wave. Therefore, adding an additional secondary channel to the system leads to a linear addition of its effect, since the response of the interaction between the secondary channels and the main channel is O((µl)
2 ). The chosen representation of the system is obviously simplified. However, results with a sloping bottom in the main channel indicate that for realistic bottom slopes, i.e. a decrease in depth of up to half the initial depth, the behaviour is qualitatively similar to that for a constant depth. Similarly, changing the secondary channel to a Helmholtz basin with a narrow inlet channel followed by a wider basin yields no qualitative changes in the model results. Moreover, the linear friction coefficient should be obtained through a linearization procedure of the quadratic bottom stress (cf. Zimmerman 1992, and references therein). The coefficient obtained by considering only the main channel might not be representative for the network, which includes a 728 R3-9 N. C. Alebregtse, H. E. de Swart and H. M. Schuttelaars secondary channel. Nevertheless, numerical experiments with a quadratic bottom stress show very similar results, indicating little sensitivity to the linearization procedure.
Finally, note that although this research was applied to tidal characteristics, it can also be used to compute resonance characteristics of long gravity waves in harbours.
Conclusions
This study has provided both a quantitative and qualitative assessment of the dependence of amplitude and phase of tidal waves in a semi-enclosed channel on the geometrical characteristics of a secondary channel. For this, analytical solutions of the linear one-dimensional shallow water equations, which govern the tidal motion in the network due to an imposed incoming wave at the open boundary, have been constructed and interpreted. From these an amplitude ratio has been defined as the ratio of the local amplitude of the sea surface height in the main channel in the presence and in the absence of the secondary channel.
For lengths of the main channel of the order of the tidal wavelength, short secondary channels and weak friction, it has been found that the secondary channel causes tides in the main channel to weaken (amplitude ratio <1) if it is located between a node and the successive landward located antinode of the tide. Conversely, if the secondary channel is located between a node and the successive seaward located antinode, it causes tides in the main channel to become more resonant. The physical mechanism underlying this behaviour is that in the former case tidal velocities in the main and secondary channel near the vertex point are in phase, so that e.g. during flood the secondary channel accommodates part of the incoming water volume. In the latter case these velocities are out of phase and thus the opposite occurs.
Results reveal that there are optimum lengths and depths of the secondary channel for which the changes in tidal resonance characteristics in the main channel are maximum. Larger widths cause the amplitude ratio to become small. Increasing friction in, and/or reducing the length of the main channel, causes the variations of the amplitude ratio to become less pronounced. These conclusions are robust with respect to mild depth variations within channels, varying the shape of the secondary channel, and the detailed formulation of bottom friction. The results obtained are of interest in the context of possible construction of retention basins in estuaries to effectively reduce tidal range.
